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Introduction

A composite indicator (CI ) is an aggregate of all dimensions,
objectives, individual indicators and variables used (Nardo et al.,
2008).

The CI should ideally measure multidimensional concepts which
cannot be captured by a single indicator (Nardo et al., 2005).

A number of methodologies have been developed to construct
CIs → see Nardo et al. (2005, 2008) and El Gibari et al. (2018).

Important aspect:

The compensation issue.
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Background

The reference point method (Wierzbicki, 1980): Efficient
solutions by using one reference level (desired).

The double reference point scheme (Wierzbicki et al., 2000):
Efficient solutions and objective rankings with two reference
levels.

Construction of composite indicators with different
compensation degrees (Ruiz et al., 2011).

1 Only two reference levels (Reservation and Aspiration levels).
2 A fixed scale.

A generalization of the double reference point method
The Multiple Reference Point-Weak and Strong Composite
Indicator (MRP-WSCI) approach (Ruiz et al., 2020)
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The MRP-WSCI approach

A generalization of the double reference point method

Any number of reference levels (n) can be established.

A common measurement scale: αt(t = 0, . . . , n + 1).

Achievement functions for each indicator:
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Fig. 1. Achievement function. 

(either provided by the decision maker or set to default val- 

ues by the analysts), which define the common measurement 

scale. Note that these values are the same for all the I indi- 

cators. Therefore, each αt ( t = 0 , . . . , n + 1 ) is the value in the 

common scale that a given unit has if it achieves value q t 
i 

in 

indicator i . 

2. Achievement functions. In order to turn each indicator i to 

the scale defined by the values αt ( t = 0 , . . . , n + 1 ), a so-called 

achievement function is used, which, apart from allowing the 

normalization of the indicators, also informs about the rela- 

tive position of each unit with respect to the reference lev- 

els given in the previous step, for the corresponding indicator. 

These functions were originally defined in [57] for general ref- 

erence point procedures (with one reference level), and they 

were afterwards extended to double reference point methods 

[58] , and adapted to the calculation of CIs [11,12,50] . Here, we 

generalize this achievement function to the case when n refer- 

ence levels are used in the following way: 

s i j = s i (x i j , q i ) = αt−1 + 

αt − αt−1 

q t 
i 
− q t−1 

i 

(x i j − q t−1 
i 

) 

if x i j ∈ [ q t−1 
i 

, q t i ] , (t = 1 , . . . , n + 1) . (2) 

Therefore, the achievement function s i of indicator i is a piece- 

wise linear function that takes values between αt−1 and αt if 

the unit achieves values between q t−1 
i 

and q t 
i 

for indicator i (see 

Fig. 1 ). 

3. Total compensation: The weak composite indicator . The weak 

composite indicator ( WCI ) uses an additive aggregation, which 

allows compensation among the single indicators. That is, a 

poor performance in a given indicator can be compensated by 

a good performance in another one. In order to build it, we will 

first normalize weights μi , so that the normalized weights add 

up to 1: 

μw 

i = 

μi ∑ I 
k =1 μk 

. (3) 

Making use of weights (3) and achievement function (2) , we 

can build the WCI of a given unit j using a simple additive 

weighted aggregation: 

W CI j = 

I ∑ 

i =1 

μw 

i s i (x i j , q i ) . (4) 

Given the way it has been constructed, WCI j takes values in 

the same scale [ α0 , αn +1 ] as the original achievement functions, 

and therefore, its value can be easily interpreted as the global 

performance unit j with respect to hypothetical global reference 

levels. As said, this weak composite indicator has the proper- 

ties of classical weighted means, and thus good performances 

in certain indicators can compensate bad performances in oth- 

ers, and it is assumed that the single indicators are mutually 

preferentially independent [40] . 

4. Zero compensation: The strong composite indicator . The 

strong composite indicator ( SCI ) does not allow any compen- 

sation, and therefore it reflects the worst values achieved by 

an unit, relativized by the weight of the indicator. The assump- 

tion underlying the construction of the corrected achievement 

function s̄ i is that a bad performance in a given indicator is not 

that bad if the indicator is not highly weighted. Therefore, the 

original value of the achievement function is corrected in such 

a way that higher weights produce worse results. To this end, 

a different normalization of the weights is used, so that the 

greatest weight takes value 1: 

μs 
i = 

μi 

max k =1 , ... ,I { μk } . (5) 

Making use of these weights, the corrected achievement scalar- 

izing function takes the form: 

s̄ i (x i j , q i ) = αt + 

(
s i (x i j , q i ) − αt 

)
μs 

i 

if s i (x i j , q i ) ∈ [ αt−1 , αt ] , (t = 1 , . . . , n + 1) . (6) 

Using this corrected achievement function, if s i (x i j , q i ) ∈ 

[ αt−1 , αt ] , then if μs 
i 
= 0 , s̄ i (x i j , q i ) = αt , while if μs 

i 
= 1 , 

s̄ i (x i j , q i ) = s i (x i j , q i ) (see Fig. 2 ). That is, if μs 
i 
= 1 , the value of 

the corrected achievement function coincides with this of the 

original achievement function, and it becomes better (higher) 

as the weight decreases until it reaches the upper bound of 

the corresponding scale interval ( αt ) in the (hypothetical) case 

when μs 
i 
= 0 . 

Making use of the corrected achievement function (6) , we can 

build the SCI of a given unit as the minimum value of the cor- 

rected achievement functions, that is: 

SCI j = min 

i =1 , ... ,I 
{ ̄s i (x i j , q i ) } . (7) 

s̄ i and SCI j have some interesting properties, which do not 

necessarily hold for the original achievement function s i , and 

which can be easily proved from their definitions: 

(a) If, for a given unit j , and two given indicators i and i ′ , 
s i (x i j , q i ) = s i ′ (x i ′ j , q i ′ ) and μi > μi ′ , 
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si(x
j
i , qi) = αt−1 + αt−αt−1

qti −q
t−1
i

(x ji − qt−1
i ) if x ji ∈ [qt−1

i , qt
i ],

(t = 1, . . . , n + 1)
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The MRP-WSCI approach

Different composite indicators
Full compensation:

1 Weak Composite Indicator (WCI ) → A measure of overall
performance.

WCI j =
∑I

i=1 µ
w
i si(x

j
i , qi)

Properties of classical weighted means.
µwi → Normalized weights add up to 1:

µwi = µi∑I
k=1 µk
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The MRP-WSCI approach

Different composite indicators
Zero compensation:

2 Without weights → Unweighted Strong Composite Indicator
(USCI ).

USCI j = mini=1,...,I{si(x ji , qi)}
A measure of the worst performance of the unit.
The minimum value of the achievement functions for the unit.
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The MRP-WSCI approach

Different composite indicators
Zero compensation:

3 Consideration of weights → Strong Composite Indicator (SCI ).

SCI j = mini=1,...,I{s̄i(x ji , qi)}
A measure of the worst values, relativized by the weights of the
indicators → Higher weights produce worse results.
µsi → Normalized weights, where the greatest weight takes
value 1:

µsi = µi
maxk=1,...,I {µk}

Corrected achievement functions:

s̄i(xij , qi) =


αt + (si(xij , qi)− αt)µs

i , if si(xij , qi) ∈ (αt−1, αt ],

(t = 1, . . . , n + 1),

α1 + (α0 − α1)µs
i , if si(xij , qi) = α0.
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The MRP-PCI approach

The MRP-PCI Partially Compensatory Indicator
The decision maker can decide which indicators cannot be
compensated, which can, and to which extent (Ruiz and
Cabello, 2021).

Step-Wise Description:

Step 6. 
Successive 
aggregations

The MRP‐PCI method

Step 2. 
Compensation 

indices

Step 3. 
Fully 

compensated 
values

Step 4. 
Partially 

compensated 
achievement 
functions

Step 5. 
Partially 

compensatory 
composite 
indicator

Units and indicators

Weights
Reference levels
Common scale
Achievement 
functions

Step 1. 
Initial information

Shared with the MRP‐
WSCI  approach
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The MRP-PCI approach

Step-Wise Description
2 Compensation indices → The decision maker can provide a

compensation index, λi ∈ [0, 1], for each indicator i .

3 Fully compensated values → aij is the weighted average of sij
and the rest of achievement function values that are at least as
good as sij .

aij =

∑
k∈Iij µkskj∑
k∈Iij µk

,

where Iij is the subset of indicators that take a value better or
equal to indicator i for unit j :

Iij = {k ∈ {1, . . . , I} | skj ≥ sij} .
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The MRP-PCI approach

Step-Wise Description
4 Partially compensated achievement functions → scij is a link

between sij and aij , according to λi .

scij = sij + (aij − sij)λi →

{
If λi = 0→ scij = sij ,

If λi = 1→ scij = aij .

5 Partially compensatory composite indicator.

PCIj = min
i=1,...,I

{scij}.

6 Successive aggregations → The MRP-WSCI and MRP-PCI
composite indicators can be used as achievement functions in a
multi-stage aggregation process.
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The MRP-WSCI & MRP-PCI approaches

Theoretical properties
The MRP-WSCI indicators satisfy desirable properties for
composite indicators → Existence and uniqueness, symmetry,
transitivity, monotonicity, invariance and exhaustivity (Blancas
et al., 2010).

The MRP-PCIj indicator always lies between the WCIj and the
SCIj .

WCIj → A particular case of PCIj when all the compensation
indices are equal to 1.
SCIj → A particular case of PCIj when all the compensation
indices are equal to 0.
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The MRP-WSCI approach

Case study
Construction of the EU-Regional Social Progress Index
(EU-SPI), in the Spanish context.6 F. Ruiz, S. El Gibari and J.M. Cabello et al. / Omega xxx (xxxx) xxx 
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Fig. 3. Stages for obtaining EU-SPI and MRP-WSCI composite indicators. 

So, s̄ i (λx i j , λq i ) = s̄ i (x i j , q i ) and WCI and SCI are not affected 

by the scale change. 
• Origin Change . Let us assume a shift in the values of the ini- 

tial indicators x i j + a and the same shift for each of the ref- 

erence levels q t 
i 
+ a . The achievement function evaluated in 

the new points is: 

s i (x i j + a, q i + a e ) = 

αt−1 + 

αt − αt−1 

(q t 
i 
+ a ) − (q t−1 

i 
+ a ) 

(x i j + a − q t−1 
i 

− a ) = s i (x i j , q i ) , 

where e is a vector with all its components equal to 1. Also, 

s̄ i (x i j + a, q i + a e ) = s̄ i (x i j , q i ) . This way, WCI and SCI are not 

affected by an origin change. 

6. Exhaustivity . The CI should make the most of the informa- 

tion provided by the initial indicators, eliminating redundan- 

cies when necessary. In this context, this refers to the fact that 

the CI does not loose useful information (information that is 

not false or duplicated) from the initial system of indicators. 

MRP-WSCI indicators do not incorporate a mechanism to elimi- 

nate redundant information, and so the fulfillment of this prop- 

erty depends on the statistical analysis to identify the indicators 

that give redundant information before applying the aggrega- 

tion procedure. Alternatively, a system of indicators with suc- 

cessive aggregations can be defined to ease the effects of re- 

dundancy. 

Summing up, we can affirm that the MRP-WSCI indicators ver- 

ify the properties of Existence, Uniqueness, Transitivity, Symmetry, 

Monotonicity and they are not affected by scale and origin changes 

in the values of the initial indicators. In addition, if the levels q i 

are absolute, that is, they are chosen independently from the ac- 

tual values of the indicators for the given units, the elimination of 

a particular unit does not alter the values of the CIs of the rest of 

units, but this may not be the case when the levels are relative 

ones (for example, if the levels are fixed on the quartiles). Obvi- 

ously, the magnitude of this alteration depends on the number of 

units considered and on the relative position of the removed one. 

3. Case study: a practical application 

3.1. The EU-Regional Social Progress Index (EU-SPI) 

In order to illustrate the behavior and potential advantages of 

the MRP-WSCI approach, in this section we will apply our WCI and 

SCI to the construction of the EU-Regional Social Progress Index 

(EU-SPI), 1 in the Spanish context. According to the European Com- 

mission, the purpose of the EU-Regional Social Progress Index is to 

1 See https://ec.europa.eu/regional _ policy/en/information/maps/social _ progress , 

for further information about methodology and data. 

measure social progress for each region as a complement to tradi- 

tional measures of economic progress. As it is intended to comple- 

ment measures based on GDP, income or employment, it purposely 

leaves such indicators out of the index. Measuring social progress 

can inform the development strategies of EU regions. 

EU-SPI is a CI that follows the overall framework of the global 

Social Progress Index and is based on 50 simple indicators, whose 

information is basically taken from Eurostat. It provides informa- 

tion about social and environmental aspects within the European 

Union countries, for 272 regions in total. The single indicators are 

grouped in 12 components, which are in turn grouped in three di- 

mensions: “Basic Human Need” (BN), “Foundations of Well-being”

(FW) and “Opportunity” (O). Consequently, there are three aggre- 

gation levels: from single indicators to components, from compo- 

nents to dimensions, and from dimensions (BN, FW and O) to the 

final indicator (EU-SPI). Fig. 3 , part (a), shows graphically these 

three aggregation levels. 

As indicated in Fig. 3 , part (a), the last aggregation is carried 

out using the so called generalized geometric mean (9) , where all 

the dimensions are assumed to have the same weight 2 : 

EU-SPI = 

(
BN 

0 . 5 + F W 

0 . 5 + O 

0 . 5 

3 

) 1 
0 . 5 

(9) 

It must be noted that the value of parameter β = 0 . 5 in expres- 

sion (9) was chosen in the previously referenced methodological 

document in order to mitigate full compensability, but other values 

can also be chosen. In general, for 0 < β < 1, the generalized mean 

is said to be inequality-adverse: a rise in the level of one indicator 

in the lower tail of the distribution will increase the overall mean 

by more than a similar rise in the upper tail, thus giving more im- 

portance to low levels. The compensability is increased as the pa- 

rameter grows, and we get the arithmetic mean for β = 1 . In this 

first approach, we will use value 0.5, and we will later on compare 

our results with those obtained by the EU-SPI for different values 

of β . 

In order to explore the results in comfortable graphics, from 

the 272 European regions, we have focused on the Spanish regions. 

The results for these regions, ordered by the value of EU-SPI, can 

be seen in Fig. 4 . It can be observed that Me is in the last posi- 

tion of the ranking (EU-SPI = 62 . 58 ) and it is the Spanish region 

with the lowest value in dimension FW. On the other hand, Can 

has the worst values in dimensions BN and O, but it compensates 

them with a better value of FW, and is ranked 13. Nevertheless, 

Fig. 4 shows quite much similarity and not much variability across 

the Spanish regions. Let us see if we can get more information 

by using the WCI and SCI indicators proposed in this paper, built 

from the values of the three dimensions used to calculate EU-SPI 

2 See the methodological document: http://ec.europa.eu/regional _ policy/sources/ 

information/maps/methodological _ note _ eu _ spi _ 2016.pdf (15-Sept-17). 
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Reference levels: minimum, maximum and percentiles 25, 50
and 75 of all the European regions.

Common scale: α0 = 0, α1 = 1, α2 = 2, α3 = 3, α4 = 4.

Same weights.
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The MRP-WSCI approach
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The MRP-WSCI approach

Case study: Representation of WCI and SCI
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The MRP-WSCI approach

Case study: Changing the reference levels

F. Ruiz, S. El Gibari and J.M. Cabello et al. / Omega 95 (2020) 102060 11 

Fig. 10. Achievement Functions and WCI (Spanish Levels). 

Fig. 11. 2-dimensional representation of WCI and SCI (Spanish Levels). Samira El Gibari (elgsamira@uma.es) The MRP-WSCI approach: some reflections 16 / 31



The MRP-PCI approach

Case study: A hypothetical example of the PCI
Three value scale:

λ1 = 0 → No compensation: a bad value of the Basic Human
Needs dimension cannot be compensated in any way.
λ2 = 0.5 → Middle compensation: a bad value of the
Foundations of Wellbeing dimension can be partially (half)
compensated by better values in other dimensions.
λ3 = 1 → Full compensation: a bad value of the Opportunity
dimension can be completely compensated by better values in
the other two dimensions.
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The MRP-PCI approach

Case study
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The MRP-PCI approach

Case study
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The MRP-PCI approach

Case study

Region BN FW O BN FW O BN FW O PCI WCI SCI

País Vasco 2.93 3.07 2.08 3.00 3.07 2.69 2.93 3.07 2.69 2.69 2.69 2.08

Navarra 1.77 3.03 2.31 2.37 3.03 2.67 1.77 3.03 2.67 1.77 2.37 1.77

Melilla 1.84 0.67 1.58 1.84 1.36 1.71 1.84 1.02 1.71 1.02 1.36 0.67

MRP‐WSCI
Achievement 
functions

Fully 
compensated 
values (aij)

Partially 
compensated 
achievement 
functions (scij)

MRP‐PCI
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The MRP-PCI approach

Case study

0
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Galicia Asturias Cantabria País Vasco Navarra

La Rioja Aragón Madrid Castilla y León Castilla La Mancha

Extremadura Cataluña Valencia Illes Balears Andalucía

Murcia Ceuta Melilla Canarias
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Conclusions

The construction and use of composite indicators → Less loss of
information about the individual indicators.

The MRP-WSCI indicators satisfy desirable properties for
composite indicators.

The interpretation of the MRP-WSCI is intuitive and easy for
the decision maker → Usefulness of the results.

Different compensation degrees.
Twofold analysis:

Overall performance.
Alert signs → Possible improvement areas.
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Conclusions

The joint consideration of the compensatory and
non-compensatory scenarios → A richer information.

The MRP-PCI method → A high modelling flexibility:

The decision maker can use different compensation indices for
each indicator.

The Compensation indices → An intuitive and easy-to-interpret
way.

The MRP-WSCI composite indicators → Particular cases of the
MRP-PCI approach.
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Further applications

1 Sustainability:

Luque, M. (2011). An application of reference point techniques
to the calculation of synthetic sustainability indicators. Journal
of the Operational Research Society, 62: 189–197.
Cabello, J.M., Navarro, E., Prieto, F., Rodŕıguez, B., Ruiz, F.
(2014). Multicriteria Development of Synthetic Indicators of the
Environmental Profile of the Spanish Regions. Ecological
Indicators, 39: 10–23.
Cabello, J.M., Navarro, E., Rodŕıguez, B., Thiel, D., Ruiz, F.
(2019). Dual weak–strong sustainability synthetic indicators
using a double reference point scheme: the case of Andalućıa,
Spain. Operational Research, An International Journal, 19:
757–782.
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Further applications

1 Sustainability:

Cabello, J.M., Navarro, E., Thiel, D., Rodŕıguez, B., Ruiz, F.
(2021). Assessing environmental sustainability by the double
reference point methodology: the case of the provinces of
Andalusia (Spain). International Journal of Sustainable
Development & World Ecology, 28: 4–17.
Ruiz, F. and Cabello, J. M. (2021). MRP-PCI: A Multiple
Reference Point Based Partially Composite Indicators for
Sustainability Assessment. Sustainability, 13, 1261.
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Further applications

2 Carrying capacity of tourist destinations:

Ruiz, F., Cabello, J.M., Navarro, E., Tejada, M., Almeida, F.,
Cabello, J.M., Cortés, R., Delgado, J., Fernández, F., Gutiérrez,
G., Luque, M., Málvarez, G., Marcenaro, O., Navas, F., Ruiz,
F., Ruiz, J., Soĺıs, F. (2012). Carrying capacity assessment for
tourist destinations. Methodology for the creation of synthetic
indicators applied in a coastal area. Tourism Management, 33:
1337–1346.

3 Social responsibility of funds:

Cabello, J.M., Ruiz, F., Pérez, B., Méndez, P. (2014).
Synthetic Indicators of Mutual Funds’ Environmental
Responsibility: An Application of the Reference Point Method.
European Journal of Operational Research, 236: 313–325.
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Further applications

4 Bankruptcy prediction:

Ouenniche, J., Bouslah, K., Cabello, J.M., Ruiz, F. (2018). A
New Classifier based on The Reference Point Method with
Application in Bankruptcy Prediction. Journal of the
Operational Research Society, 69(10): 1653–1660.

5 Ease of doing business:

Ruiz, F., Cabello, J.M., Pérez, B. (2018). Building
Ease-of-Doing-Business Synthetic Indicators using a Double
Reference Point Approach. Technological Forecasting & Social
Change, 131: 130–140.

6 Regional innovation:

Garćıa-Bernabéu, A., Cabello, J.M., Ruiz, F. (2020). A
Multi-Criteria Reference Point Based Approach for Assessing
Regional Innovation Performance in Spain. Mathematics, 8(5):
797.
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Further applications

7 Economic freedom:

Cabello, J.M., Ruiz, F., Pérez-Gladish, B. (2021). An
Alternative Aggregation Process for Composite Indexes: An
Application to the Heritage Foundation Economic Freedom
Index. Social Indicators Research, 153: 443–467.

8 Higher education:

El Gibari, S. (2020). Análisis multicriterio del rendimiento del
Sistema Universitario Público Españnol: Hay vida más allá de
los rankings. Revista Electrónica de Comunicaciones y Trabajos
de ASEPUMA (Rect),21, 119–150.
El Gibari, S., Gómez, T., and Ruiz, F. (2018). Evaluating
university performance using reference point based composite
indicators.Journal of Informetrics, 12, 1235–1250.
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Further applications

9 End of childhood index:

El Gibari, S., Cabello, J. M., Gómez, T., and Ruiz, F. (2021).
Composite indicators as decision making tools: the joint use of
compensatory and non-compensatory schemes.International
Journal of Information Technology & Decision Making, To
appear.

Future research lines
The time dimension.

The weighting procedures → SCI.
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Thank you
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